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In this paper we define a new sub class of Petri nets called algebraic conservative Petri nets (ACPN) for a given symmetric
group S . We prove that the resulting Petri net (ACPN) is a marked graph. In particular, we show that the algebraicn

conservative Petri nets associated with S3 and S5 has decompositions

respectively, for the sets of places such that each block is both siphon and trap and hence the underlying directed graphs of

these algebraic conservative Petri nets are Eulerian. Also we show that each of the ACPN associated with these groups
has a subset of places which are both siphon and trap such that the input transitions equal the output transitions and both of
them equal to the set of all transitions of these algebraic conservative Petri nets and hence that the underlying directed
graphs of these algebraic conservative Petri nets associated with S and S are Hamiltonian.
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I. INTRODUCTION

Petri net is a mathematical modeling tool for
concurrent systems and has been widely investigated by
many researchers [1,2]. A Petri net consists of two kinds of
nodes called places and transitions. Directed arcs are
used to connect places to transitions and transitions to
places. Small dots, called tokens in the places represent a
marking of a Petri net. In a graphical representation of a
Petri net the places are represented by circles and
transitions are represented by bars or small boxes. Various
areas of applications of Petri nets include modeling and
analysis of the distributed systems, parallel processes,
information systems, databases, communication
protocols,

The study of structural properties and behavioral
properties for marked graphs has been made utilizing
siphons and traps [4,5,6]. A nonempty subset of places J is
called a siphon if every transition having an output place in
J has an input place in J. A nonempty subset of places Q is
called a trap if every transition having an input place in Q
has an output place in Q.

In this paper we define a new sub class of Petri nets
called algebraic conservative Petri nets (ACPN) for a
given symmetric group S . We prove that the resultingn

Petri net (ACPN) is a marked graph . In particular, for the
groups S and S , we show that each of the ACPN3 5

associated with computer hardware architectures,
manufacturing systems, formal languages and automata,
learning theory and graph theory [5,7].

These groups has a subset of places which are both
siphon and trap such that the input transitions equal the
output transitions and both of them equal to the set of all
transitions of these algebraic conservative Petri nets
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and hence that the underlying directed graphs of these
algebraic conservative Petri nets are Hamiltonian. Also
we show that the algebraic conservative Petri nets
associated with S and S has decompositions ð3 5
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respectively, for the sets of places such that each block i

is both siphon and trap and hence the underlying directed
graphs of these algebraic conservative Petri nets
associated with S and S are Eulerian.3 5

II. PRELIMINARIES

In this section we present some basic definitions
relevant to this paper.

Definition 2.1: APetri net is triple N = ( P, T, F ) where P is a
finite set of places, T is finite set of transitions such that

(I) P�T ≠ ; Ñ∩Ô = ö

(ii) 0 F�( P × T )�( T × P) is set of directed arcs.

� �
For all p Ñ, p = {t�T | ( t, p)�F } and p = {t �T | ( p, t

) �F } be the input and output sets of p respectively.
� �

Similarly for all t �T, t = {p�P | ( p, t )�F } and t = {p�

P | ( t, p ) �F } be the input and output sets of t
respectively.

Definition 2.2: A Petri net is said to be a marked graph if│ 
� �
p│=  │p│= 1 for all p�P.

�
Definition 2.3: A Petri net is said to be conservative if│ t

�│=  │t │for all t ��T.

Definition 2.4: A non-empty subset of places J in a Petri
� �

net is called a siphon if J �J . That is every transition
having an output place in J has an input place in J.
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Definition 2.5: A nonempty subset of places Q in a Petri
� �

net graph is called a trap if Q �Q .That is every transition
havingan inputplace in Q has anoutputplace in Q.

Definition 2.6: A non empty subset Z of places in a Petri
� �

net graph is said to be both siphon and trap if Z = Z .
That is, every transition having an input place in Z has an
output place in Z and vice versa.

Example 2.7: Consider a Petri net shown in Fig. 1

Fig .1 A Petri  net

� �
In this Petri net let J = {p p p }. Then J = {t , t }, and J =1, 6, 7 2 4

� �
{t , t , t }. Here J �J . Therefore J is a siphon. Let Q =2 3 4

� � � �
{p , p p }. Then Q = {t , t , t }, Q = {t , t }. Here Q �6 7, 8 2 3 4 3 4

Q . Therefore Q is a trap.

� ��
Let Z = {p , p p }. Now, Z = {t , t , t }, Z = {t , t , t }. Here2 4, 5 1 2 3 1 2 3

��
Z = Z . Therefore Z is both siphon and trap.

Definition 2.8: The symmetric group S is the group of alln

permutations on n symbols. This S is called an

permutation group of order n!

Example 2.9: Consider the group S = { á, â, ã, ä, ö, Ø }3

where á = (1)(2) (3), â = (13)(2), ã = (12)(3), ä = (132), ö
= (1) (23), Ø = (123) with generating set S = { á, Ø }

III. ALGEBRAIC CONSERVATIVE PETRI NETS 

In this section we define the new sub class of Petri
nets and prove the main results.

Theorem 3.1: There exist a algebraic conservative Petri
net for every symmetric group with a generating set.

Proof: Let S be a symmetric group with generating set Sn

= {(1, 2), (1, 2, 3,...,n)}. Let ã = (1, 2) and ä = (1, 2, 3,...,n).
Take the elements t ,t , t ,t , ….., t of the group S as1 2 3 4 n! n

transitions and set T ={t ,t , t ,t , ….., t }. Now S�T. For1 2 3 4 n!

every t �T and t �S such that t t = t introducei k i k j

a place p such that ÿp = t and pÿ = t . Since thei j

generating set S has 2 elements and the group has n!
elements, this process will yield a Petri net N with place
set P and the transition set T such that | T | = n! and | P

| = 2. n! . Since the set S has exactly two elements, we
have that each transition has exactly two input places and
exactly two output places. Now keep tokens in a place p

if p is the input of t t for every t t �S. Thus we havei . j i , j

constructed a conservative Petri net with initial marking.
The resulting Petri net on S  with generating set  as S  is n

called algebraic conservative Petri net denoted as
ACPN (S:S ).n

Proposition 3.2: Every algebraic conservative Petri net
( ACPN ) for the symmetric group of order n! , with a
generating set is a marked graph.

Proof: From the construction of algebraic conservative
Petri net, ( Theorem 3.1) the places are introduced in such
way that  each place has exactly one input transition and 
exactly one output transition. Hence by definition, it is a
marked graph.

Lemma 3.3 The algebraic conservative Petri net on Sn

is bounded but not 1- safe.

Proof: From the construction of algebraic conservative
Petri net, a token is deposited in a place p if p is the input

of t t for every t t �S. So, initially n! places willi . j i , j

receive tokens. Since the this Petri net is conservative,
the tokens deposited in this net is neither created nor
destroyed. Hence any place can have a maximum of n!
tokens and thus it is bounded. Again, there is a possibility
of a place which can have n! tokens in it, we conclude that
it is not 1 – safe.

The construction of underlying directed graph Ns forn

the given marked graph N is given in [4,5].

Theorem 3.4: If the ACPN (S:S ) for a given symmetricn

group S has a subset of places Z such that ÿZ = Zÿ = Tn

where T is the set of all transitions of ACPN (S:S ) , thenn

the underlying directed graph Ns has a Hamiltoniann

circuit.

Proof: In [4] it is proved that if there exist a subset Z of
places in a marked graph such that ÿZ = Zÿ = T, where T is
the set of all transitions of the marked graph then the
edges corresponding to the places in Z constitute a
directed Hamiltonian circuit in the underlying directed
graph. Hence by proposition 3.2, the theorem follows.

Theorem 3.5: If the place set P of ACPN ( S:S ) for an

given symmetric group S has a decomposition �= {�,�,n 1 2

�, . . .,�} in which each block both siphon and trap then3 n i

the underlying directed graph Ns of ACPN ( S:S ) isn n

Eulerian.

Proof: In [5] it is proved that if there exist a decomposition

�= {�,�, �, . . .,�} for the set of places of a marked1 2 3 n
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graph such that each block in the decomposition �=i

{�,�, �, . . .,�} is both siphon and trap then the1 2 3 n

underlying directed graph of that marked graph is Eulerian.
Hence by proposition 3.2, the theorem follows.

Example 3.6: Consider the symmetric group given in
example 2.9. The algebraic conservative Petri net for the
group S , ACPN (S:S ) is shown in Fig.2. Clearly this is3 3

a marked graph.

Let �= {�,�, �, �,�} be the partition of the set of1 2 3 4 5

places of S , where �= {p , p },3 1 2 3

�= {p p p },�= {p , p }, �= {p , p },�= { p , p , p }2 5, 6, 7 3 8 9 4 10 1 1 5 1 4 12

�
Such that �= {�,�},1

� � �
�= {�,�}. That is , �= �Therefore is both1 1 1 . 1

siphon and trap.

� � �
Similarly, �={ â, ö ,�}, �= { â, ö ,�}. That is, �2 2 2

� � �
= �. Therefore �is both siphon and trap. �={â, ó},2 2 3

� � �
�= {â, ó}. That is, �= �. Therefore is both3 3 3 3

� �
siphon and trap. �= {ö, ø} �= {ö, ø}. That is,4 , 4

� �
�= �Therefore is both siphon and trap.4 4 . 4

� � � �
�= {á, ø, ä}, �= {á, ø, ä}, That is, �= �5 5 5 5

Therefore �is both siphon and trap. Hence the5

underlying directed graph of the marked graph for S is3

Eulerian.

Again in ACPN (S:S ) there exist a subset Z = {p , p , p ,3 2 6 7

p p , p } such that ÿZ = Zÿ = T. Therefore in the underlying8, 12 4

directed graph, the edges {e , e , e , e , e e }1 3 4 6 10, 11

corresponding to the places in Z constitutes a directed
Hamiltonian circuit.

Fig .2 The algebraic conservative Petri net  for the group given in 
example 2.9

Fig .3 The underlying directed graph for the algebraic conservative 
Petri net for the  Fig .2

Example 3.7: Consider the symmetric group S ,5

consisting of 120 elements as follows.
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Let S be a symmetric group with generating set S = {(1 2), (1 2 3 4 5)}. Let ã = (1 2) and Ø = (1 2 3 4 5). Since S has
5 5

120 elements, take the elements of S as the transition set of conservative Petri net. That is, T = {t , t , t ,…, t }. Based on5 1 2 3 120

the theorem, we have 240 places namely P ={p , p , p , p ,……, p }. The input and outputs of transitions are given in the1 2 3 4 240

following table. This leads to the following conservative Petri net ACPN (S:S ).5
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The above ACPN (S:S ) is clearly a marked graph.5

This ACPN (S:S )  has a subset of places which are both 5

siphon and trap such that the input transitions equal the
output transitions and both of them equal to the set of all
transitions of the marked graph and hence that the
underlying directed graph of this marked graph is
Hamiltonian. Since there exists a partition for a place set P
such that each block in the partition of the set of places of
the marked graph is both siphon and trap, the underlying
directed graph for ACPN (S:S ) is Eulerian.5

Fig .4 The underlying directed graph for the algebraic  conservative 
Petri net given in  example  3.6

IV. CONCLUSION

In this paper we introduced a new sub class of Petri
nets called algebraic conservative Petri nets (ACPN) for a
given symmetric group S . We  proved  that the resulting n

Petri net (ACPN) is a marked graph . In particular, for the
groups S and S , we show that each of the ACPN3 5

associated with these groups has a subset of places
which are both siphon and trap such that the input
transitions equal the output transitions and both of them
equal to the set of all transitions of these algebraic
conservative Petri  nets  and hence that the underlying 
directed graphs of these algebraic conservative Petri
nets are Hamiltonian. Also we shown that the algebraic
conservative Petri nets associated with S and S has3 5

decompositions

�={�, �, �, ��}and �={�, �, �, �, . . . , �}1 2 3 4, 5 1 2 3 4 84

respectively, for the sets of places such that each block �
is both siphon and trap and hence the underlying directedi

graphs of these algebraic conservative Petri nets
associated with S and S are Eulerian.3 5
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